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ABSTRACT

An n-dimensional hypercube can connect exactly 2"
computing nodes only, strongly restricting the possible
system sizes and leaving a large gap between two allow-
able sizes. Consequently, variant hypercube topologies
with more flexibility in system sizes, called incomplete
hypercubes, are appealing and need to be examined. An
incomplete hypercube may also come from a complete
hypercube which operates in a degraded manner after
some nodes become faulty. In this paper, incomplete
hypercubes are analyzed for the first time. Structural
properties, including diameter, mean message traversal,
and traffic density, of incomplete hypercube computers
with size 2"+2f, 0<k<n, are investigated and
presented. It is interesting to discover that traffic density
in such an incomplete hypercube is bounded by 2, despite
its structural non-homogeneity. Thus, cube links can
easily be constructed so as to avoid any single point of
congestion, guaranteeing good performance. With every
advantage of complete hypercubes but without a sericus
restriction on the system size, the incomplete hypercube
is an attractive and practical topology.

1. INTRODUCTION

Recently, the binary hypercube has become the most
popular message-passing architecture for interconnecting
computing nodes [1-4] due to its numerous attractive
features, involving a slow (logarithmic) increase in its
diameter and degree, structural regularity, simple rout-
ing, the existence of rich parallel paths between pairs of
nodes, etc. Since it was first introduced in [5], the hyper-
cube structure has been pursued intensively and its many
interesting properties have been uncovered [6-11, 14].

A severe restriction on the hypercube topology, how-
ever, is that the size of a system has to be a power of 2.
It leaves a large gap between two consecutive allowable
system sizes. This inspires the consideration of incom-
plete hypercubes where the restriction on the node number
is relaxed or totally removed [12]. An incomplete hyper-
cube may also come from a complete hypercube which
operates in a degraded manner after some nodes become
faulty. Simple and deadlock-free algorithms for routing
and for broadcasting messages in the incomplete
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hypercube with an arbitrary size have been developed by
Katseff [12]. They possess characteristics similar to those
of the routing algorithms for complete hypercubes
described in [6].

No analysis on the incomplete hypercube has ever
been carried out so far to unveil its structural properties,
which would provide us with a better insight into the
structure. In particular, since incomplete hypercube com-
puters are asymmetric in nature and generally an asym-
metric structure, such as the tree, star, and any other
irregular topology, is likely to have one or several heavy
traffic links or nodes that may become vulnerable points
with respect to performance and reliability, we are
interested in whether an incomplete hypercube exhibits
such points of vulnerability. This work is aimed at
finding out an answer.

The incomplete hypercube computer under con-
sideration is of size 2"+ 2F, 0 <k <n, i.e., an incomplete
hypercube comprising two complete hypercubes. This
class of incomplete hypercube computers is particularly
appealing and practical because all the nodes in each con-
stituent complete hypercube of such incomplete hyper-
cubes have an identical degree, yielding somewhat regular
structures, which ease their packing and setting (note
that a hypercube is commonly packed and set in a
hierarchical way). Furthermore, incomplete hypercube
computers with an arbitrary size may be analyzed in a
similar manner since they can be regarded as built from
several complete hypercubes with different sizes. An
incomplete hypercube with 14 nodes, for example, is com-
posed of three complete hypercubes with sizes 8, 4, and 2,
respectively.

Structural properties of such incomplete hypercube
computers, including the diameter, mean message traver-
sal, and traffic density, are studied and demonstrated.
As will be seen shortly, in any sized incomplete hyper-
cube, the highest traffic density is bounded by 2, despite
its non-homogeneity. Cube links can easily be designed
to prevent any traffic bottleneck from occurring. This
clearly indicates that incomplete hypercubes are superior
over other non-homogeneous topologies, such as trees and
stars, where points of congestion are likely to exist and
serious performance degradation may result because in
such a topology, the highest traffic density is propor-
tional to its size. If one wants to put a complete
hypercube into operation even after some nodes become
faulty, cube links in the complete hypercube can easily be
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so designed that every link is still below half saturated in
the presence of faults to avoid any single point of conges-
tion, maintaining good performance always.

This paper is organized as follows. Section 2 intro-
duces necessary nomenclature and background to facili-
tate the subsequent presentation. A brief review on the
elementary properties of complete hypercubes and on a
routing algorithm for incomplete hypercubes is given in
Section 3. Section 4 analyzes incomplete hypercube com-
puters and presents the results. The paper concludes
with Section 5.

2. NOMENCLATURE AND BACKGROUND

An n-dimensional complete hypercube, denoted by
H,, comprises 2" nodes, each with n connection links
serving as communication channels directly to n neigh-
bors, called the nearest neighbors. Nodes in H, are num-
bered from 0 to 2"—1, by n-bit binary numbers
(zp_y -z~ -+ xp) as their addresses. A node and a
nearest neighbor have exactly one different bit in their
addresses. H, can be viewed as two (n—1)-dimensional
complete hypercubes, 0H,_; and 1H,_;, such that every
node (0z,_p - z; -+ * z,) in OH,_; has a link to one
and only one node (lz,_o - " & - - - &) in 1H, ;. Let
X! represent ! consecutive X's. Then, the subcubes of
H,, OH,_, and 1H,_;, can be denoted respectively by
(0+"~1) and (1#"71), where * is a don’t care symbol,
whose value can be 0 or 1. A d-dimensional subcube in
H, contains exactly d ¥'s in its binary address represen-
tation, regardless of their relative positions. For
instance, like (0%x"~1) and (1+"71), (¥0%"7%) and
(* 1¥"~17*) are among (n—1)-dimensional subcubes in
H,. Similarly, those m-dimensional subcubes in H,
include (0"~™«™), (0101¥™1"~™~4), etc. Nodes which
belong to a subcube can be easily told from the subcube
denotation. The 2-dimensional subcube (0%11%) in Hjg,
for example, contains nodes (00110), (00111), (01110),
and (01111).

The incomplete hypercube of interest is composed of
two complete hypercubes H, and H, (0<k<mn). It has
274+ 2% nodes numbered from 0 to 2 +2%—1, by (n+1)-
bit binary numbers (z,,_, - - - &; - - - &p). Nodesin H,
are numbered from O to 2" —1; whereas in H;, from 2"
to 2" +2K—1. Let I denote the incomplete hypercube.
Subcubes in I can be defined as in a complete hyper-
cube. As an instance, subcubes which are the constituent
complete hypercubes of I} are (0%") and (10" ~*#*). Fig.
1 shows I3, where each node is numbered by a 4-bit
string and the two constituent hypercubes are (0%) and
(10%2).

The link between two neighboring nodes A and B is
denoted as )\é. To communicate with a remote node,
one node can send a message to that remote node by
relaying the message through several intermediate nodes.
A message traveling from one node to a nearest neighbor
is called a traversal. Let D(A,B) represent the number
of different bits between the addresses of nodes A and B,
i.e.,, their Hamming distance. It is apparent that the
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Fig. 1. Incomplete hypercube I3.
(The path from (1011) to (0110) is darkened.)

number of traversals required from node A to node B is
D(A,B). A path from node A to node B, denoted by
A#, is composed of the sequence of links traversed from

. A, (A
A to B. For example, the sequence of links: M), A2

and )\:13 constitutes path A;::' A shortest path between
two mnodes A and B comprises only [ links if
D(A,B)=1[. In this paper, we are interested in the
shortest paths only, and a shortest path is called a path
for simplicity. The relative address of two nodes is the
bitwise Exclusive-OR of their addresses. A link is
assumed to have link number ¢ if it connects two nodes
whose addresses differ only in the i** bit position (start-
ing with the least significant bit as bit 0). The link
between nodes (1101) and (0101), for example, is referred
to as link 3.

The maximum number of traversals a message may
make between any two nodes in a topology is termed the
diameter of the topology. It places a lower bound on
message transmission latency required to route messages
throughout the topology. On the other hand, the mean
number of traversals of messages in a topology indicates
the transmission latency of a “typical" message. Thus,
mean message traversal (denoted by Tyq,) is 2 funda-
mental property of a topology. Although mean message
traversal probably is a more natural index of latency
than the diameter, they both could greatly influence the
performance of a topology. Another important property
of topologies is traffic density over links (denoted by
TD), which reflects link utilization. A topology with low
traffic density is preferable because it would avoid any
potential  communication  bottleneck  and reduce
processing/queueing delay when messages visit a node.

While the diameter of a topology is fixed, its mean
message traversal and traffic density depend on the mes-
sage distribution, which describes the probability of mes-
sage exchanges among different nodes. In this paper, a
uniform message distribution is assumed, i.e., the average
rate at which node A sends messages to node B is the
same for all nodes A and B, where A # B. Besides the
diameter, mean message traversal and traffic density in
incomplete hypercubes under a uniform message distribu-
tion are of interest and will be examined.

As opposed to those in a complete hypercube, nodes
in an incomplete hypercube no longer play an identical
role. As an instance, every node in subcube (00) of I3
shown in Fig. 1 has 4 links (while the other nodes have 3

Authorized licensed use limited to: University of Louisiana at Lafayette. Downloaded on June 08,2026 at 15:15:35 UTC from IEEE Xplore. Restrictions apply.



links each) and is connected to a corresponding node in
subcube (10#*); communication between nodes in subcube
(01%) and nodes in subcube (104x) must go through
nodes in subcube (00*). Nodes in subcube (00%%) are
particular and are referred to as pivot nodes. Generally,
If has 2% pivot nodes, which lie in subcube (0" ~#+14¥),
There are three different types of links in If, i.e., links
for connecting nodes in the constituent complete hyper-
cube H, (called L™); links for connecting nodes in the
constituent complete hypercube H, (called L”); and links
for connecting nodes between pivot nodes and nodes in
Hy (called L°). It is obvious that, in the incomplete
hypercube If, L™, L* and L° consist respectively of
n2""1, k2¥~1 and 2 links. A link € L™ and a link €
L* are the corresponding links of each other if they have
the same link number. For example, link \ 08,"(?)) and link
ooof in I are the corresponding links (see Fig. 1); so
are link 1(?1]109 and link 0((,)1110)).
Consider the collection of subcubes of If': & = {S; |
S; = (%%, - 5*) such that the value of
TaTy_y - T = 1, 0<i<2""F L Apparently, each sub-
cube S; contains 2¥ nodes, whose addresses are from 2%
to (141)2f—1; each node in I belongs to one and only
one subcube. As an instance, the collection of subcubes
of 1§ shown in Fig. 1 is & = {Sy = (00%), §; = (01),
S, = (10#%)}. Notice that node X belongs to S, if and

;)nlky if X is a pivot node in IP. Let the subset of ®,
LS

U Si, be denoted as A. Then, A consists of all such
i=1
nodes in (0%") that have no direct links to any node in
(10" —k k),

An abstract structure of I with n—k>1 is
sketched in Fig. 2, where arrows indicate links between
subcubes with a number next to an arrow denoting the
amount of actual links present. For the case of n =k,
the circle containing A and the arrow incident to it are
removed altogether, yielding a simpler figure, which
shows the case of H,,,. There are (n—k)2¥ links
between Sy and A; whereas only 2% links (which consti-
tute L°) exist between S, and S,e~. It is thus expected
that the traffic density over a link € L° would be higher.

Before the analysis of incomplete hypercubes is con-
ducted, we briefly review the elementary properties of
complete hypercubes and a routing algorithm for incom-
plete hypercubes for later reference and comparison.

3. PREVIOUS RESULTS

3.1. Properties of Complete Hypercubes

The diameter of a complete hypercube H, is n
because  the distance between node X
(ZTh_1%p—p * - " 70) and node X = (Z,_1Zp_o " -
H, is exactly n.

zg) in

Tean of H, can be derived [13] by using the equa-
tion

Trean = lf:llxﬂl)v 1)

264

(o)

(n—k)2

Fig. 2. An abstract structure of I with n—£2>1.

where ¢(!) is the probability of an arbitrary message
traversing [/ links. Since the message distribution in Hj
is assumed to be uniform, an issued request terminates at

There

every node with an equal probability of o

are {7] nodes whose distance to any given node in H, is

exactly !, where 7 is the combination of n taking ! at

a time. Thus, the probability of an issued message
traversing ! links is expressed by
1
o) = ["]x—
=1 o
From Eq. (1), we have
n2n—1
Tmeaﬂ = on_1 . (2)

It is clear that T,,.,, approaches (n/2) as n increases for
the case of uniform message distributions.

Traffic density on each link of H, is identical
because of symmetry. To calculate TD on a link, con-
sider a time of 2" —1 units during which each node on an
average will have sent a message to each of the others.
Equivalently, each node will issue a message heading for

an arbitrary other node with probability during a

n
time unit. Every nmessage behaves statistically
equivalently; so it is easy to see that, on an average, the
number of total traversals made by all the generated 2"
messages during a time unit is 2" XT,,,.,, Which equals

n—1
2" X;ln?— This amount of traversals is shared evenly
by n2"~1 links, yielding
2"
TD = . (3)
2" —1

3.2. Routing in Incomplete Hypercubes

A simple and deadlock-free algorithm for routing
messages from one node to another in incomplete hyper-
cubes has been presented in [12]. It always finds a shor-
test path for messages. The routing algorithm with a
minor modification is given below.

Algorithm A: (send or forward a message from node
sre to node dest with tag «— src @ dest in an incomplete
hypercube):
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if (tag =0)
{ send message to local processor. }
else
{ starting with the least significant bit of tag:
let 7 be the bit number of the first 1 in tag and
link 7 exists.
send the message on link ¢ and set bit ¢ in tag to
zero. }

Every issued message carries the relative address of
its source node and its destination node as the routing
tag. A message is sent through link ¢ only if bit ¢ is the
least significant non-zero bit in the tag and link ¢ exists.
Algorithm A checks the routing tag leftwards, starting
from the least significant bit; whereas the routing algo-
rithm given in [12] checks the routing tag in a reverse
order. This modification does not alter the characteris-
ties of the original algorithm, but it makes the analysis
of traffic density easier, as will be seen later.

To gain a better insight into the algorithm, consider
a message issued at node (1011) with tag 13 (= 1101).
As can be seen in Fig. 1, the message is first routed
through link 0 to (1010), where link 2 does not exist and
hence link 3 is taken to forward the message to (0010).
Finally, it is routed from (0010) through link 2 to its des-
tination (0110). The length of this chosen path equals 3,
which is exactly the number of bit ones in the message
tag. It should be noted that Algorithm A is valid actu-
ally for any arbitrary incomplete hypercubes [12], not
just for incomplete hypercubes If.

4. ANALYSIS OF INCOMPLETE HYPERCUBES

4.1. Diameter

The diameter of I can be obtained by finding out
the pairs of nodes which are the farthest away from each
other. For any two nodes in I, the number of different
bits between their addresses (which reflects the distance
between them) is < n+1. Since the pair of nodes (01")
and (10") always exist and their addresses differ in
exactly n+1 bits, the diameter of IJ is clearly n+ 1.

4.2. Mean Message Traversal

Unlike in a complete hypercube, the mean traversal
of messages issued from a node in an incomplete hyper-
cube is not fixed; namely, that issued from one node may
be different from that issued from another node. For
example, in I$ given in Fig. 1, the mean traversal of
messages issued from node (0110) is larger than that
issued from node (0000). Due to this asymmetry, it
seems unlikely that T, can be obtained from Eq. (1)
directly because finding ¢({) is fairly difficult. For-
tunately, T,,,,, of a topology is also equivalent to the
average value of mean traversal of messages issued from
all nodes in the topology [14]. We can calculate T,

more easily from this angle.

Let T,peen(X) denote the mean traversal of messages

issued from node X. Then, T,,,,, of Il is expressed by

1
Tomean = WX%[,.T'MM (X) (4)
k
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For any incomplete hypercube I, we have the fol-
lowing lemma, which enables us to calculate T,
efficiently (consult the appendix for a proof of this
lemma).

Lemma 1: T, (X) =
Y €S;, where S; € .

The above lemma describes that the mean traversal
of messages issued from any node in the same subcube (€
®) is the same. For simplicity, let T, represent
Tpiean (X ES;). Then, we have Lemma 2 below, which
characterizes the mean traversal of messages issued by a
node in any subcube. A proof of this lemma is provided
in the appendix.

Tmean(Y) for all nodes X,

Lemma 2: For any subcube S; € ®,

; ooin ko (k .
Tiew = |35 ()14 35 [E)xas1i 1) o,
=1 (=0
for 0<i<2"*, (5)
and
; LI P k &
Thean = |2 (7 x0+0+ 32 (7)<t x.
for i =2""k, 6)
where |¢ | is the number of bit ones in the binary

representation of ¢ and p = , which is the

1
2" 42k 1
probability of an issued message terminating at any node
(other than the issuing node) under a uniform message
distribution.

From Lemmas 1 and 2 together with Eq. (4), we
arrive at the following theorem.

Theorem 1: T,,,,, of I]'is given by

2k [2"(2+n+n2"_k_1)+/c2k'lj
(2" +2F—1)(2" 4+ 2F)
Proof: It is obvious from Eq. (4) and Lemma 1 that
2nvk

28X 3 Trean
i=0
2"+ 2k
Lemma 2 and following a simple calculation, we are able

5 (1)

(™

Trean =

Trnean = By utilizing the result of

to obtain Eq. (7) because of =2" and
1=0

n n 2" -1

> [’;]xt =Y [7]><1 =3 li]l=n2""t

=0 I=1 i=0

I
It is interesting to note that when k = n, Eq. (7) is
reduced to Eq. (2) with n being replaced by n+1, which
denotes T of H,,,. This is expected because when

mean
= n, I{ becomes H, ,,.

Tpresn Vversus k in various incomplete hypercubes is
illustrated in Fig. 3. For a fixed n, T,,,,, virtually stays
unchanged when £ is small. This is understandable
because at that time the number of nodes in the consti-
tuent complete hypercube, (10""‘*") = H,, is much less
than 2" and the majority of communication takes place
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mean

Fig. 3. Mcan message traversal (T,,,,,) versus k in I}
under a uniform message distribution.

inside H,, giving rise t0 T4, near n/2 (from Eq. (2)).
As k is big enough (roughly, >n—35), Tpee, starts to
grow noticeably and approaches (n+1)/2 as k = n.
Like in a complete hypercube, Tpe., of an incomplete
hypercube grows only at a logarithmic rate of the net-
work size, a desirable property.

4.3. Traffic Density

A message on an average involves T,q, link traver-
sals, and in total there are (n2"7! + k281 4+ 2%) links
serving the (2" + 2) nodes issuing messages in I}f; so the
average traffic density over all links in the system, TD,,
is

2’°><[2"(2+n+n2ﬂ—’f—1)+/c2'°—1] ®)
© T T2 1)(n2n T +k2E T 4 28)

In fact, traffic density over each link in an incom-
plete hypercube varies because the number of links con-
nected to a node is not fixed. To obtain actual traffic
density over an individual link requires a detailed traffic
pattern analysis, which is closely related to the routing
algorithm employed. Here, traffic density with respect to
Algorithm A is examined. Traffic density with respect to
another routing algorithm would be similar and can be
examined in the same way.

Since traffic density indicates the average number of
messages per link per time unit [7], one can derive traffic
density over a link by estimating the average number of
messages over the link during a time unit. Traffic den-
sity over a link comprises all traffic density components
due to messages sent from a node A to another node B
during a time unit such that Ag contains the link. Let
the traffic density component over link >\DC due to mes-
sages sent from A to B be denoted by TDC <\§, Af>,
then, traffic density over link XE equals

S TDC <N, Aj>.
\SCA S

Traffic density over links in I is widely dispersed.
Instead of pursuing expressions which govern traffic den-

sity over an arbitrary link, we investigate the highest
traffic density (7D} ) over links in an incomplete hyper-
cube below. To find out the highest traffic density is
important because overall system performance tends to
rely upon the highest traffic density, which determines
the worst case in communication delay. The subsequent
lemmas serve as the basis to arrive at TD; (for a proof
of them, please refer the appendix).

Lemma 3: For an arbitrary node A, =
(10" *a;_ja4_s - - - ag) € Sy, and the pivot node A,
(O"**Fa,_jap_y - - - ag), we have (i) for all X€ (0+")
and A € L*, TDC<\f, AX> = TDC<N\§, Af>,
(i) for all Z = (0zy_y - " % %_1%-g " %0) € A and
NS € L™, TDC <N§, A7'> = TDC<\§, AJ>, where
J = (0" F g 1z _o - 29) € Sp, and (iii) for all X€
) and N € L%, TDC<MEAY> =
TDC <\f, A;”>, where \§ is the corresponding link of
NE.

This lemma describes the equality of traffic density

components over a link due to messages sent from one
node to another node.

Lemma 4: For any link M\f € L* and its
corresponding link )\g, we have

1 TDO<NE, AY!> = X TDC <A, AFE>.
X1€8 nt, X2, Y,
Y,E(0%") E(O")

Now, we need to evaluate the expression

3 TDC <N A;f;) for any \§ € L™. Actually,
Xy, Yo€(0+")
it is the same as traffic density over a link in H,, except
that each node now takes on an average on4ok_1
(instead of 2"—1) time units to send a message to each
of the other nodes, or equivalently, the probability of an
issued message terminating at each of the other nodes is

. Based on Eq. (3), we know that traffic den-
2n

on+2k—1"

Lemmas 3 and 4 together with the above result lead

to the following important theorem, whose proof is given
in the appendix.

2" 2k —1
sity over link \§ € L™ is equal to

Theorem 2: For I, traffic density over each link in
n+l

L™ or L* does not exceed

onpok_1’
In the following theorem, we prove that traffic den-
n+1
sity on each link € L°® is exactly —————. Since
on 4 2k —

traffic density on each link € L" or L* is shown to be no
n+1

higher than , the highest traffic density in I

2n 42k —1
n+1
is thereby ———.
2n+2F—1
Theorem 3: For I, traffic density over each link in
2ﬂ+1
o

is —————, which equals TD;.
2n 4 2k—1 ’
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Proof: Traffic density over a link >\5 € L° is given

by 3 TDC<MN, Ayi>+ ¥ TDCO<NE, Afrs>.
X\€S jnr, XoE(0s"),
Y1€(0+) Yo€S i

Based on the facts that (i) there are 2% nodes in
S+ and 2" nodes in (0%"), (i) the probability of a mes-
sage issued by a node in Sy to a node in (0%") is
- (iii) 2 message sent from a node in S,a— to a
2" 428 -1
node in (0%") must pass through one of the links in L°¢
(see Fig. 2), and (iv) all the messages sent from Sy.—+ to
(0%™) are through the 2% links in L° equally likely due to

. 2k xan
symmetry, the first term is equal to S =
. 26 Xx(2m+2F—1)
—Qk—. Similarly, the second term equals
2"+ 2F—1
2n
PLE U

From Theorem 2 and the above statement, it is clear
that the highest traffic density (7D,) in If equals

gn+1
2" 42k—1"
i
When k=n, TD, and TD, agree as expected

because Ij' then becomes H, ., where each link has the
same traffic density, whose value is given by Eq. (3).
From this theorem, we know that traffic density over any
link in the incomplete hypercube is no larger than 2,
irrespective of the system size and despite the fact that
the number of links between S, and Son-t is confined to
ok (see Fig. 2). This is an interesting property. Com-
pared with other asymmetric structures, such as trees or
stars, in which certain points (links or nodes) have traffic
density as high as O(N) for a size N system [7], the
incomplete hypercube clearly is more applicable in prac-
tice because a structure with very high traffic density
over certain points is likely to suffer from degraded per-
formance and reliability. It is much easier to design a
link with enough bandwidth for incomplete hypercubes
than for other asymmetric structures so as to keep every
link below half saturated and yield a short queueing time
(note that the queueing knee is near half saturation). If
we want to maintain good performance of a complete
hypercube even after some nodes become faulty, cube
links can easily be so designed that every link is still
below half saturated after faults arise.

Traffic density is plotted as a function of & for n
10 and 20 in Fig. 4, where both TD, and TD, are given.
It can be seen that as & is small, the number of messages
passing through a link with the densest traffic during a
time unit is about 2. When k is large enough (roughly,
2>n—>5), TD, starts to improve rapidly, and as k = n,
it eventually reaches the point where every link has the
same traffic density, which is close to 1. TD,, however,
always stays pretty much around 1, indicating that the
majority of links has only one message traversed each
during a time unit.
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Fig. 4. Traffic density (TD) versus & in I} under a
uniform message distribution.

5. CONCLUSIONS

In this paper, we have investigated the properties of
incomplete hypercubes for the first time. The incomplete
hypercube topology potentially not only allows the con-
struction of systems with arbitrary sizes but also exposes
the nature of hypercube systems operating in a gracefully
degraded manner. Structural properties, including diam-
eter, mean message traversal, and traffic density, of the
incomplete hypercube computer with size 2"42F,
0<k<«mn, are analyzed and demonstrated. The analysis
may be extended to incomplete hypercubes with any arbi-
trary size.

It is found that mean message traversal in such an
incomplete hypercube increases only at a logarithmic rate
of the system size. More importantly, traffic density over
links under the uniform message distribution is shown to
be bounded by 2, irrespective of the system size and
despite its structural non-homogeneity. Compared to
other asymmetric topologies, such as trees or stars where
the densest traffic over a point (link or node) in a system
with size IV can be as high as O(N) [7], the incomplete
hypercube computer is much less likely to cause any sin-
gle point of congestion, avoiding any potential degrada-
tion in performance and reliability. Cube links can easily
be so constructed that every link is below half saturated
in order to assure a short mean message queueing time,
maintaining good performance. With virtually every
advantage of complete hypercubes but without a serious
restriction on the system size, the incomplete hypercube
is an attractive and practical topology.

APPENDIX

Proof of Lemma 1: Consider the distances from
nodes X and Y respectively to all the nodes in S; (where
J may be equal to 7). Let X, Y, and any arbitrary node

Z in S; be respectively (z, - @ma_; - 3),
(Wn kY1 vo)y and (g o Bz 2o)
Since both nodes X and Y belong to S;, z, - - -z
equals g, -~ - y;. So, the number of different bits
between z, - - - 2 and z, - - - % is the same as that
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between y, - - - y; and z, - - - z for any node Z € ;.

Next, let us examine the number of different bits
between z;_ - - - T and z_; - * - Zo (which is a part of
the address of an arbitrary node Z € §;). Since the

number of different bits between x_;- -z and
Z_y - 2o varies from O to k (because the value of
Z_y - - - 7o varies from O to 2f—1), the total of different

bits between z;_, L Ij and 2z,_; - - 2o of all nodes Z

in S; amounts to 3 llc X!, which can also be shown as

1=0
the total of different bits between y,_, - - yo and
2_1 - zg of all nodes Z in S;. From the above state-
ment, it is clear that the total distance to all the nodes in
S; from node X is the same as from node Y. This is
true for any S; € ®.
Thus, the total distance to all nodes in Ij' from node
X is identical to that from node Y. This implies that
Triean (X) equals T, (Y) under a uniform message dis-
tribution environment.
I

Proof of Lemma 2: Eq. (5) is derived first. Since
0<i<2"~*,'S; is in (0%"), a constituent complete hyper-

cube. The term 3 7 X! in Eq. (5) accounts for the
=1

sum of distances from a given node X € S; to all the
other nodes in (0%" ).

The next term accounts for the sum of distances
from the given node X to all the nodes in (10" *#), the
other constituent complete hypercube, and can be derived
by considering the sum of different bits between the
address of node X = (0z,_, - - By z,) and the
address of each node in (10"~%#¥): (1) their most
significant bits are always different; (2) for the next
(n—k) bits, z,_, - - - z; differs from 0"~ in |i | bits,
i.e., those bit ones; and (3) for the least significant k bits,
Z,_, - - - 1o and ' may be different from O bit up to k
bits; and, in fact, the total number of different bits
bftween Zy_y - Ty and all the 2% possibilities of # s

5 llc X!. By summing up all the cases from X to every

I =0

node in (10" ~¥#¥), we have the second term of Eq. (5).
Since a uniform message distribution is assumed,

messages issued from node X terminate at any other

node equally likely, i.e., with probability p. Conse-

quently, T} .., is as expressed in Eq. (5).

The proof of Eq. (6) follows the same line as that of
n

Eq. (5). The term Y, 7 X(1+!) in Eq. (6) accounts for
=0

the sum of distances from a given node X€Sy— (=
(10" ~*%)) to all the nodes in (0%"); while the next term,
from X to all the other nodes in Sgu—+.

{

Proof of Lemma 3: Consider any intermediate node
Q visited by a message sent from X = (0z,_; - - Zg) to
A,. From Algorithm A, we know that the message is
forwarded to link ¢ of node @ if bit ¢ is the least
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significant non-zero bit of the tag and link ¢ exists. Each
node in (0%") has at least n connected links, i.e., link O,

link 1, - - -, and link n—1; so if the message is to be for-
warded to link ¢, all the least significant (¢—1) bits of
the tag must be zero, which impliess Q =
(0z,_; - " " Z;41Z; 0,1~ @g) and 7; # a;. After mak-
ing this traversal, the message arrives at node
(0z,_, -+ " z;418;¢;_1 - - - ap).  This routing process

repeats, and the message eventually will be forwarded to
node (00" *a,_,a;_, - - - ap), which is node A4, From
there, the message will be sent through link n of A, to
A,. Hence, path A,{‘; is always a part of path A,{ and a
message sent from X to A, must pass through A,. This
implies  that TDC <\f, Aj(l> always  equals
TDC <X\f, Af>, as stated in (i).

Again, consider a message sent from A4, to Z =
(Oz,_y " " Zx2z_12_g * * * 2g) € A. In accordance with
Algorithm A, the message will be forwarded to node
(10" * 2, _1z¢_p * - - 20). Since each node in (10" ~*#*)
has only k+1 connected links, i.e., link O, link 1, - -,
link £—1, and link n, the message must then go through
link n to enter (04"). After making the traversal, the
message arrives at node (00" %z _ 1z _o - - 29) = J €
So. From there, the message is routed to node Z via the
same path as that traversed by a message generated at J
with destination Z. This means that TDC <\f, A2‘>
is equal to TDC <>\DC, AZJ>.

To prove (iii), let us first examine how a message M,
is routed from A, to a node X
Oz, -+ mpa_y - - zo) € (0%"). As stated previously,
M reaches node (10”_kxk_1 <+ - zg) after, say, ¢ steps
(where ¢ is the number of different bits between
Tp_y - zgand ap_; - - ap) and then traverses link n
to node (00" *z,_, - - ). If node X € Sy, M, has
reached its final destination X; otherwise, M, starts to
traverse links € L™ until it finally arrives at X.

Next, let us consider how a message M, is routed
from A, to X. Because the tag of M, differs from that
of M, only in the most significant bit, according to Algo-
rithm A, M, will be forwarded to node
(00" kg, _, - - - z,) after ¢ steps. If node X € S, M,
has reached its final destination; otherwise, M, follows
the same path for M; from there on. Hence,

TDC <NE, Ag'> is equal to TDC <A\S, Af*> for all
)\f«“ € L* and its corresponding link >\§.
I

Proof of Lemma 4: Summing up both sides of the
equation given in (iii) of Lemma 3 over all nodes, we have
that traffic over a link € L* due to messages sent from
all nodes X; € Syt (10" ~*4£) to all nodes Y, €
(0%") equals traffic over its corresponding link due to
messages sent from all nodes X, € S, to all nodes Y, €
(0%"). The latter traffic amount is then proved to be
equivalent to the amount of traffic over the same link
due to messages sent from all nodes W€ (0%") to all
nodes Y, € (0%") as follows.
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Consider all traffic components over link A\§. The
two nodes connected by this link, C' and D, belong to
(0" +1Fx¥y — 5. Let us observe a message sent from a

node Z = (0z,_, * -~ %2 _1%—2 ' %) € O to a node
W = (0" "*w,_jw,_y- - wy) € Sp. Assuming that
the most significant different bit between
(0241~ %2122 " Zo) and

(0"+1—’= Wy _ We_p * * * Wo) is J, then j is greater than k.
If the message passes through kg, then, it must visit
node C (or D) before traversing A§. According to Algo-
rithm A, however, all intermediate nodes visited by this
message must be in subcube (0"*+!7/1+/~1), which does
not contain S, where nodes C and D reside. Thus, the
message cannot traverse link >\DC and contributes nothing
to traffic over link >\1§. Likewise, it can be proved that
messages sent from a node Z to another node V € A
cannot traverse the link. The proof of this lemma is thus
completed.
I

Proof of Theorem 2: First, let us consider traffic den-

sity over a link XE in L™. It is clear that traffic density

Y TDCNS Ayi> +
L X Y,€(0+")

3 TDCE, Ay*>+ Y TDC <G, Ay>.
Xo€(0s"), X3€ES jn-t,
V€St Ys€(0+")
From (i) of Lemma 3, we can see that the second term of
¢ is the same as 3 TDC’<)\§, A;‘,:’>, which in

X£(0+"),Y€S,

over link \§ equals ¢

turn equals ) TDC <), A)Jf:> +
))((3,}'2650
ST TDC <)\, Ay?>. If both nodes C and D are
X2€4,Y£5,

Y TDC<NG, Ayr>
Xy, VS,
TDC <\f§, Ay}> equals 0. On the

in S, this term reduces to

Yy

X2€A, Yo€5,
other hand, if either node C or node D does not belong
Y TDCN AP
X2€A,YE£S,
Likewise, we can see from (ii) of Lemma 3 that the third
term of ¢ is identical to 3 TDC <\, A})f:>.
X4€8,, YD
If both nodes C and D are in S, the summation of
the last two terms of ¢ i
X
Y TDC<NS, AP+ Y TDC<NG, Aye>
X,, Y5, )g},eso, YeeD
3 TDC <\f§, Ay?>, which amounts to
X,€850, Yo€(0+")
2"
2" 4 2k—1
either node C or node D does not belong to Sy, the sum-
mation of the last two terms of ¢ becomes
X
Y TDC<AS, Ay:> + %) TDC <A, Ay>, which

X.€4, Xs€So,
Y2€S5o Ys€A

because

to Sg, this term reduces to

15

, as can be found in the proof of Lemma 4. If
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is surely no larger than TDC <\f, A}Ax;’>

by
X, Yo€(0+")
2"
onyok—1’
In either case, traffic density on Xg given by ¢ is
on 2n+l
or42k—1  on42k—1
2n
¢ equals

because the first term of

onpok—1’
Next, let us examine traffic density over a link 2\ in
Traffic density over N is
TDC<NE, Afi>+ 5 TDC<ME, Ayi>.
XS jut
Yﬁ%oﬂ)

L.
2

X1, YVi€ES

The first term amounts to From Lemma 4,

o4 2k—1"
it is clear that the second term is
0<k<n—1,
2f 497
on42F—1

n
—————. Since
2"+4+2%—1
density on AF

have traffic

2n+1
on4of—1"

we
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